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ABSTRACT

A multipurpose pattern-fitting program RIETAN-

2000, PRIMA for the maximum-entropy method

(MEM), and VENUS for three-dimensional (3D) vi-

sualization of crystal structures and electron/nuclear

densities were substantially combined to grow into

an integrated system for MEM-based pattern fit-

ting (MPF). In MPF, ‘observed’ structure factors,

Fo(Rietveld), estimated after Rietveld analysis are at

first analyzed by MEM to yield 3D electron/nuclear

densities that are more or less biased in favor of a

structural model in the Rietveld analysis. Then, we

evaluate structure factors, Fc(MEM), by the Fourier

transform of the densities and fit the whole powder

pattern calculated from the Fc(MEM) data to the

observed one to refine parameters irrelevant to the

structure. Fo(w.p.f.) data resulting from the whole-

pattern fitting (w.p.f.) are analyzed again by MEM.

MEM analysis and whole-pattern fitting are alter-

nately repeated until R factors in the latter no longer

decrease. These iterative processes make it possible

to minimize the bias imposed by the structural model

on final electron/nuclear densities. With this so-

phisticated methodology, crystal structures are repre-

sented not by structure parameters such as fractional

coordinates and atomic displacement parameters but

by 3D electron/nuclear densities. MPF is, there-

fore, capable of modeling static and dynamic disor-

der, chemical bonds, nonlocalized electrons, and an-

harmonic thermal motion more adequately than the

conventional Rietveld method. Applications of MPF

to structure refinements of several compounds from

(synchrotron) X-ray and neutron powder diffraction

data will be demonstrated, showing the excellent per-

formance and effectiveness of MPF.



1. INTRODUCTION

Sakata et al. have been applying the maximum-

entropy method (MEM) [1] to determination of

electron and nuclear (strictly speaking, coherent-

scattering length bc [2]) densities from powder diffrac-

tion data [3,4]. Diffraction intensities scattered in the

reciprocal space are converted into electron/nuclear

densities filling the real space; that is, the densities

are visualized in three dimensions. MEM can esti-

mate structure factors of reflections in the high-Q re-

gion excluded in the analysis of the powder diffraction

data, which is favorable for improving the S/N ratio

in the three-dimensional (3D) densities.

When dealing with compounds exhibiting heavily

overlapping reflections, integrated intensities are of-

ten estimated on the basis of the result of Rietveld

analysis [5]. In this procedure, the observed inten-

sity at each point is apportioned in the ratio of pro-

files calculated from final parameters and summed up

for each reflection. The resultant ‘observed’ struc-

ture factors are then analyzed by MEM to give 3D

electron/nuclear densities in the unit cell. Unfortu-

nately, ‘observed’ structure factors evaluated in this

way are doubly biased towards the structural model

because both phases and calculated integrated inten-

sities used for the intensity partitioning are taken

from the model [6].

We have been claiming that the above undesirable

effect, which is overlooked or disregarded by Sakata et

al., should be overcome if only partially [7–10]. Even

if the structural model in the Rietveld analysis from

X-ray powder diffraction data is essentially correct,

chemical bonding is hardly represented with structure

parameters such as fractional coordinates and atomic

displacement parameters. This is the main reason

for the necessity of D synthesis in studies of electron

densities by single-crystal X-ray diffraction. Refine-

ment of isotropic atomic displacement parameters, U ,

in Rietveld analysis (anisotropic atomic displacement

parameters, Uij, cannot practically be refined from X-

ray powder diffraction data) and that of a scale factor

on the basis of the inadequate structural model will

lower the accuracy of the ‘observed’ structure factors.

In this article, we will introduce our original tech-

nology named MEM-based pattern fitting (MPF)

[7–10]. We have integrated a multipurpose pattern-

fitting program RIETAN-2000 [7–11], a MEM analy-

sis program PRIMA [12] (formerly MEED developed

by Kumazawa et al. [13]), and a 3D visualization pro-

gram VENUS [14] to construct a system to refine

crystal structures by MPF from powder diffraction

data. With this MPF system, the bias imposed on

final electron/nuclear densities can efficiently be re-

duced by running RIETAN and PRIMA alternately.

Several examples of MPF structure refinements

from (synchrotron) X-ray and neutron powder

diffraction data will be demonstrated to verify its

high performance and effectiveness.

2. BACKGROUND

In single-crystal X-ray analysis, we often carry out

difference (D) synthesis, i.e., the inverse Fourier

transform of differences, between observed structure

factors, Fok, and structure factors, Fck, calculated

from structure parameters:

∆Fk = Fok − Fck. (1)

D synthesis is suitable for detecting subtle differences

between real and modeled structures.

Two serious problems hinder the satisfactory appli-

cation of D synthesis to powder diffraction data. One

is the appearance of ‘ripples’ due to the termination

effect even in D synthesis where Fourier coefficients

with higher orders are regarded as negligible. This

effect makes it difficult to extract physically mean-

ingful residual distribution from D-synthesis maps.

The other is difficulty in obtaining accurate observed

structure factors, |Fok|, owing to the collapse of the

3D reciprocal space onto the one-dimensional diffrac-

tion pattern.

In MEM analysis, no model function is fit to the

observed pattern unlike Rietveld analysis using least-

squares methods [5]; that is, we estimate density

distribution whose information entropy is maximized

within errors in observed diffraction data. Structural

information contained in diffraction data is accord-

ingly extracted by MEM and reflected on the 3D

densities provided that the diffraction data have been

measured in an appropriate way. Electron densities

are calculated from Fok’s in Fourier synthesis. On the

other hand, in MEM, we solve a kind of an inverse



problem where electron densities are determined prior

to calculation of structure factors, FMk. The termina-

tion effect is, consequently, far less marked in MEM

analysis than in Fourier synthesis. Further, the MEM

can estimate structure factors of reflections in the

high-Q region excluded in the analysis of intensity

data, as described earlier. MEM analysis, therefore,

gives less noisy 3D densities than Fourier synthesis

from a limited number of observed reflections.

The distribution of bc is also determinable by the

MEM analysis of neutron diffraction data. The term

“nuclear density” may be substituted for “electron

density” in subsequent general descriptions common

to X-ray and neutron diffraction.

3. SUPER-FAST MEM ANALYSIS

PROGRAM, PRIMA

Till lately, we had been utilizing MEED [13] for MEM

analysis. MEED is, however, obsolete at present be-

cause of its sluggish speed. We have recently de-

veloped our own program PRIMA [12], the state

of the art in MEM analysis of structure factors ob-

tained experimentally by X-ray and neutron diffrac-

tion. PRIMA can determine 3D electron-density dis-

tribution from X-ray diffraction data and 3D nuclear-

density distribution from neutron diffraction data. In

the case of neutron diffraction, it can deal with com-

pounds containing elements whose bc’s are negative,

e.g., H, Li, Ti, and Mn [2]. PRIMA was written in

Fortran 90, which enables us to create storage for

allocatable arrays dynamically. It is thoroughly op-

timized for personal computers equipped with Intel

Pentium 4 processors and operated with Microsoft

Windows.

3.1 Maximum-entropy equation

The general principle of MEM analysis is to find

the maximum of the information entropy, S, under

several constraints. There are a few variations of

the MEM formalism [15–17]. Here, we will follow

Collins’s formalism [16] based on Jaynes’s expression

of the information entropy [18].

In MEM analysis of X-ray/neutron diffraction

data, electron/nuclear densities are represented with

those in pixels (parallelepipeds) whose numbers along

a, b, and c axes are Na, Nb, and Nc, respectively. Let

N (= NaNbNc) be the total number of pixels in the

unit cell, ρk the normalized density at the position

rk in the 3D gridded space, ρ∗k the density at rk, and

τk the normalized density at rk derived from prior

information. Then, S is formulated as

S = −
N∑
k=1

ρk ln
(
ρk
τk

)
(2)

with

ρk =
ρ∗k∑N
k=1 ρ

∗
k

. (3)

S is maximized by imposing the following three con-

straints:

ρk > 0, (4)

C =
1

M

M∑
j=1

|Fc(hj)− Fo(hj)|2

σ2
j

= 1, (5)

D =
N∑
k=1

ρk = 1, (6)

where M is the total number of reflections with

known phases, Fc(hj) is the calculated structure fac-

tor for reflection hj, Fo(hj) is the observed structure

factor, and σj is the estimated standard deviation

(e.s.d.) of |Fo(hj)|. Equation (5) is referred to as the

F -constraint (χ2 statistics type), and Eq. (6) as the

normalization constraint. When dealing with X-ray

diffraction data of a compound where T is the total

number of electrons in the unit cell, Fc(hj) is given

as

Fc(hj) = T
N∑
k=1

ρk exp (2πihjrk) . (7)

Let λ and µ be the Lagrange multipliers for C and

D, respectively. Using the method of undetermined

multipliers, we have

Q = S − λ(C − 1)− µ(D − 1). (8)

Q can be maximized by setting the partial derivatives

of Q with respect to ρk, λ, and µ at zero:

∂Q

∂ρk
= 0, (9)

∂Q

∂λ
= 0, (10)



∂Q

∂µ
= 0. (11)

Then, the maximum-entropy (ME) equation is de-

rived [19]:

ρk =
τk
Z

exp

(
−λ · ∂C

∂ρk

)
(12)

with

Z =
N∑
k=1

τk exp

(
−λ · ∂C

∂ρk

)
. (13)

3.2 0th order and nonlinear single-pixel ap-

proximations

Equation (12) cannot be solved analytically. Then,

Kumazawa et al. [19] introduced a 0th-order single-

pixel approximation, where we expand the derivative

of C with respect to ρk in a Taylor series

∂C

∂ρk
=
∂C

∂τk
+

N∑
l=1

(ρl − τk) ·
∂2C

∂τk∂τl
(14)

and neglect the second term in the right side of

Eq. (14). This linear approximation is equivalent to

the simple replacement of ∂C/∂ρk in Eq. (12) with

∂C/∂τk:

ρk =
τk
Z

exp

(
−λ · ∂C

∂τk

)
. (15)

This equation means that the ME density distribu-

tion is reached through iterations n = 0, 1, 2, · · ·:

ρ
(n+1)
k =

ρ
(n)
k

Z
exp

(
−λ · ∂C

∂ρ
(n)
k

)
. (16)

We start MEM iterations, adopting the prior infor-

mation

ρ
(0)
k =

T

V
, (17)

viz., a uniform density in the unit cell with the volume

of V .

Because the second-order derivatives in the second

term of Eq. (14) are independent of ρ and λ, the sec-

ond term is regarded as proportional to only ∆ρ =

ρl−τk. That is, the 0th-order single-pixel approxima-

tion as well as the iterative procedure represented as

Eq. (16) is correct provided that ∆ρ = ρ
(n+1)
k −ρ(n)k is

negligibly small. The only way to solve this problem

is to choose a sufficiently small λ value, which leads

to an increase in the total number of iterations. How-

ever, the 0th-order single-pixel approximation works

well in nearly every case.

In an alternative method to solve Eq. (12), we use

part of the second term in Eq. (14), i.e., only the

term for k = l in the summation, which is referred

to as nonlinear single-pixel approximation [20]. Q is

optimized by the Newton-Raphson method:

Q(ρ+ ∆ρ) = Q(ρ) + ∆ρ · ∂Q
∂ρ

+
(∆ρ)2

2
· ∂

2Q

∂ρ2
. (18)

The partial derivative of Q(ρ+ ∆ρ) with respect to ρ

is zero provided that

∆ρ = −
(
∂2Q

∂ρ2

)−1
· ∂Q
∂ρ

(19)

and

ρ(n+1) = ρ(n) + ∆ρ. (20)

The Newton-Raphson method permits prompt con-

vergence to the solution, decreasing the total number

of iterations considerably.

3.3 How to deal with elements of negative

coherent-scattering lengths

MEM is simply applicable to the analysis of Fo data

for compounds containing elements with negative bc
values [21–23]. In such cases, S is represented as the

sum of those for positive and negative densities:

S = S+ + S−. (21)

This is a good approximation to S because of the

negligible overlap of nuclear densities for two atoms.

Thus, Eq. (7) is rewritten as

Fc(hj) =
N∑
k=1

(
ρ+k + ρ−k

)
exp (2πihjrk) (22)

with

ρ+k = T+ρk, (23)

ρ−k = T−ρk; (24)

T+ and T− are the total numbers of positive and neg-

ative bc’s, respectively; ρk is the nuclear density nor-

malized with Eq. (6). We can reach the ME nuclear-

density distribution by solving the following equation

iteratively:

ρ±k =
τ±k
Z±

exp

(
−λ · ∂C

∂ρ±k

)
. (25)



3.4 Calculations of structure factors

Let P be the number of symmetry operations, and Rl

the symmetry-operation matrix, then the real part,

Fc(real), and the imaginary part, Fc(imag.), of Fc(hj)

in Eq. (7) for X-ray diffraction are computed from [13]

Fc(real) = T
N∑
k=1

ρkWjk(real), (26)

Fc(imag.) = T
N∑
k=1

ρkWjk(imag.), (27)

where

Wjk(real) =
P∑
l=1

cos (2πhjRlrk) , (28)

Wjk(imag.) =
P∑
l=1

sin (2πhjRlrk) . (29)

Fc(imag.) is necessary only in noncentrosymmetric

space groups.

In PRIMA, Wjk(real) and Wjk(imag.) associated

with phases are first calculated for the asymmetric

unit and stored in two-dimensional arrays allocated

dynamically. The continuous use of storage for the ar-

rays allocated dynamically accelerates the execution

speed of PRIMA dramatically.

In a relatively large system containing many re-

flections and pixels in the asymmetric unit, the

calculations of Wjk(real) and Wjk(imag.) are rate-

determining steps in MEM analysis. We restructured

this part fundamentally, fully utilizing space-group

symmetry, diffraction properties, and fast evaluation

of sine and cosine functions without sacrificing ac-

curacy virtually, which considerably accelerates the

calculations of the two arrays. Details in this revo-

lutionary breakthrough in MEM analysis will be re-

ported elsewhere [12].

3.5 Initial value of λ and its adjustment

Learned information is needed to set the initial value

of λ, λ0, appropriately. With too small λ0, the conver-

gence will be slow and may not reach C = 1. On the

other hand, the convergence will never be attained

when λ0 is too large. PRIMA has a feature of auto-

matic estimation of λ0 by using one of the following

three equations:

λ0 = G ln 10, (30)

λ0 = A0 +
A1

(G− A2)2 − A3

, (31)

λ0 = B0 +B1G+B2G
2, (32)

where

G =

 1

M

M∑
j=1

1

σ2
j

−1 , (33)

and A0, A1, A2, A3, B0, B1, and B2 are constants de-

termined empirically. With Eqs. (30)−(32), PRIMA

is mostly capable of estimating appropriate λ0.

PRIMA has an another feature of adjusting λ auto-

matically during MEM iterations. In this technique,

λ in the (n + 1)’th iteration (n = 1, 2, · · ·), λ(n+1), is

automatically adjusted with a coefficient, t:

λ(n+1) = λ(n) + tλ0 (34)

with

λ(1) = λ0. (35)

If t = 0 (no adjustment, default value), λ is not var-

ied. When the MEM iterations tend toward diver-

gence, λ(n+1) is decreased to λ(n)/2. Four different

options are implemented in PRIMA for the adjust-

ment of λ:

1. λ0 is input from a file, and λ remains constant.

2. λ0 is input from a file, and λ is adjusted.

3. λ0 is automatically determined, and λ remains

constant.

4. λ0 is automatically determined, and λ is ad-

justed.

For example, we have empirically learned that

the second option is the best selection in the non-

linear approximation method. This finding is ex-

plained in terms of the fact that, in the nonlinear

single-pixel approximation introducing the Newton-

Raphson method, λ0 must be very small, which may

lead to a failure in the automatic adjustment of λ.

3.6 R factors

Two R factors, which are measures of reliability of

MEM analysis, are defined as

RF =

∑M
j=1|Fc(hj)− Fo(hj)|∑M

j=1|Fo(hj)|
(36)



and

RwF =

∑M
j=1 σ

−2
j |Fc(hj)− Fo(hj)|2∑M
j=1 σ

−2
j |Fo(hj)|2

1/2 . (37)

3.7 Appropriate pixel numbers

Under favor of space-group symmetry [24], densities

in the asymmetric unit are calculated with Eq. (16).

Na, Nb, and Nc have to be set so as to satisfy the

space-group symmetry. For example, fractional coor-

dinates (x, y, and z) in the asymmetric unit for space

group Fm 3̄m (No. 225) has the following ranges [24]:

0 ≤ x ≤ 1

2
, (38)

0 ≤ y ≤ 1

4
, (39)

0 ≤ z ≤ 1

4
. (40)

Then, Na must be even while Nb and Nc must be

multiples of 4; for example, Na = 82, Nb = 128, and

Nc = 128. Fractional coordinates in the asymmetric

unit for space group Pm (No. 6, unique axis b) [24]

are confined to

0 ≤ x ≤ 1, (41)

0 ≤ y ≤ 1

2
, (42)

0 ≤ z ≤ 1. (43)

In this case, Nb should be even whereas Na and Nc

may be any integers large enough for MEM analy-

sis. It is further preferable that symmetry elements

such as rotation axes and inversion centers are lo-

cated on intersections of grid lines. For further guide-

lines concerning the setting of pixel numbers, refer to

Refs. [25, 26].

4. DERIVATION OF INTEGRATED

INTENSITIES FROM POWDER

DIFFRACTION DATA

In the MEM analysis of relatively simple structures

from powder diffraction data, |Fok| is usually ob-

tained by pattern decomposition such as individual

profile fitting [27], the Pawley method [28], and the

Le Bail method [29]. However, most values of |Fok| for

compounds exhibiting heavily overlapped reflections

can hardly be estimated by pattern decomposition

without introducing any structural models.

After Rietveld analysis, the ‘observed’ integrated

intensity, Iok, for reflection k is approximately com-

puted by apportioning the net diffraction intensity,

yi − yb(2θi), at step i in the ratio of contributions of

overlapping reflections (K = 1, 2, 3, · · ·) [5]:

Iok =
∑
i

[
yi − yb(2θi)

] Yik∑
KYiK ,

(44)

where yi is the observed intensity; yb(2θi) is the back-

ground function; Yik and YiK are the contributions of

reflections k and K to the net diffraction intensity at

step i, respectively. The summations
∑
i and

∑
K are

carried out over all the data points contributing to

the profile of reflection k and over all the reflections

contributing to yi−yb(2θi), respectively. In the cases

of isolated reflections, Eq. (44) reduces to

Iok =
∑
i

[
yi − yb(2θi)

]
. (45)

Consequently, fairly accurate Iok is obtainable in a

model-free fashion as long as the background can be

adequately approximated by yb(2θi). Equations (44)

and (45) are also used to derive Iok after each cycle

in Le Bail refinement [29].

Yik is evaluated from scale factor s, multiplicity mk,

preferred-orientation factor Pk, Lorentz-polarization

factor Lk, structure factor calculated from structure

parameters Fck, and profile function f(2θi − 2θk):

Yik = smkPkLk|Fck|2f(2θi − 2θk). (46)

Substituting K for k in this equation yields YiK . Fck

is calculated from structure parameters (fractional

coordinates, occupancies, and isotropic/anisotropic

atomic displacement parameters) refined in Rietveld

analysis. The observed scattering amplitude, |Fok|, is

estimated with

|Fok| =
(

Iok
smkPkLk

)1/2

. (47)

Takata et al. [3, 4] applied the above procedure

(MEM/Rietveld method) to the estimation of |Fok|’s
analyzed by MEM. However, electron densities de-

rived from the |Fok|’s are subject to the structural



model in Rietveld analysis because Eq. (46) contains

Fck. This undesirable effect enlarges with increasing

degree of overlap of reflections, lowering the accu-

racy of final densities necessarily. MEM can extract

structural details from the |Fok| data estimated in

the above way because they involve contributions ne-

glected in the structural model. Furthermore, |Fok|
for an isolated reflection can simply be determined

without any structural model, as described earlier.

Visualization of diffraction data by the combination

of Rietveld and MEM analyses, therefore, serves the

modification of imperfect structural models [30–33].

Nevertheless, the dependence of electron-density dis-

tribution on the structural model casts a gloom over

the combined use of the Rietveld and maximum-

entropy methods.

5. PROCEDURE OF MEM-BASED

PATTERN FITTING

To minimize the bias imposed on electron densities

by the structural model, we devised the following it-

erative procedure of MPF [8,9]:

1. Intensity data are analyzed by the Rietveld

method.

2. |Fok|’s are approximately evaluated with Eqs.

(44)−(47).

3. The |Fok|’s with phases, ψ, derived from the Ri-

etveld analysis, are analyzed by MEM to yield

3D electron densities, ρ(x, y, z). Then, FMk is

computed by the Fourier transform of ρ(x, y, z)

in the unit cell:

FMk = V
∫∫∫

ρ(x, y, z) exp[2πi(hx+ ky + lz)]

dx dy dz. (48)

4. The resulting ρ(x, y, z) data are visualized in

three dimensions.

5. After close examination of the electron-density

image, return to step 1 to modify the structural

model if necessary.

6. The model function is fit to the whole observed

diffraction pattern by refining parameters irrel-

evant to the crystal structure: scale factor, pro-

file parameters, peak-shift parameters, and back-

ground parameters. Each structure factor in the

model function is not calculated from any struc-

ture parameters but fixed at FMk.

7. Terminate unless decreases in R factors in step

6 are significant compared with those in the pre-

vious whole-pattern fitting.

8. Return to step 2.

Steps 2−8 repeated till the convergence is attained

is referred to as REMEDY cycles, serving to minimize

the bias imposed by the structural model in Rietveld

analysis. The influence of the structural model in

the Rietveld analysis on ρ(x, y, z)’s diminishes by re-

peating REMEDY cycles. In other words, intensity

partitioning for overlapping reflections becomes more

accurate with increasing number of iterations owing

to derivation of additional structural information by

MEM. Such an iterative method is somewhat similar

to the Le Bail method [29] but differs from it in the

point that structure factors in whole-pattern fitting

are fixed at values of FMk resulting from the previous

MEM analysis.

Figure 1 illustrates the above sequence schemati-

cally. ‘Rietveld’, ‘MEM’, and ‘w.p.f.’, each in a pair of

parentheses, denote analyses whereby structure fac-

tors are derived. Fo(Rietveld) and Fo(w.p.f.) in this

figure correspond to Fok, and Fc(MEM) is equivalent

to FMk. Contributions of anomalous dispersion to

structure factors must be excluded in MEM analysis

in the same way as in Fourier synthesis whereas they

should be included in whole-pattern fitting. In other

words, structure parameters are used only to add

anomalous dispersion corrections to structure factors

in MPF.

Structural details are changed in step 3 while the

goodness-of-fit is improved by fixing each structure

factor at FMk in step 6. The effect of the struc-

tural model in the Rietveld analysis on FMk dimin-

ishes with increasing number of REMEDY cycles. We

can therefore approach the final structure reflecting

the observed intensity data more closely. Step 6 is

not Rietveld analysis but MPF to obtain values of

Fok containing additional information about struc-

tural details.
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Fig. 1 Structure refinement by MEM/Rietveld

analyses followed by iterative MEM-based

pattern fitting.

Takata et al. [3, 4] have been utilizing not all the

processes shown in Fig. 1 but only the part of iter-

ative MEM/Rietveld analyses (inside the upper box

consisting of broken lines) for modifying structural

models. As described in Sect. 4, the MEM/Rietveld

method is a tepid approach to the determination of

electron/nuclear densities because no structural in-

formation extracted by MEM from powder diffrac-

tion data is reused by executing w.p.f. after the MEM

analysis. The MEM/Rietveld method should be used

only to modify structural models imperfect with re-

spect to sites (defects) unfindable and overlooked in

the models.

MPF is capable of modeling disordered atomic con-

figurations [32,34], chemical bonds, nonlocalized elec-

trons, and anharmonic thermal motion [36] more

adequately than the conventional Rietveld method.

These purposes are attainable more satisfactorily by

MPF than with programs for conventional Rietveld

analysis because crystal structures are represented

not by structure parameters (fractional coordinates,

occupancies, and atomic displacement parameters)

but also by 3D electron/nuclear densities. The estab-

lishment of MPF leads to the availability of an ultra-

high-resolution ‘X-ray/neutron microscope’ that al-

lows us to visualize powder diffraction data as 3D

density images. X-Ray and neutron diffraction should

be utilized complementarily for (a) the more adequate

expression of chemical bonds and (b) the analysis of

anharmonic thermal vibration and disordered struc-

tures, respectively.

6. SOFTWARE FOR MPF

We have developed a state-of-the-art system for struc-

ture refinement by MPF. This free software comprises

a multi-purpose pattern fitting program, RIETAN-

2000, for angle-dispersive X-ray and neutron diffrac-

tion [9,11], MEM analysis program and PRIMA [12],

and VENUS [14] for 3D visualization of crystal struc-

tures and electron/nuclear densities.1

The goodness-of-fit must reach a high level to min-

imize the influence of the structural model on densi-

ties resulting from MPF. We have been utilizing our

original technique of partial profile relaxation [11] in

both Rietveld analysis and whole-pattern fitting. At

present, MPF would not function well without this

feature, which was certainly effective in MPF struc-

ture refinements described later.

MEED [13] is now obsolete; our original program,

PRIMA, can carry out MEM analyses incomparably

faster than MEED thanks to the full optimization of

its code, as described in Sect. 3. RIETAN-2000 pro-

vides PRIMA with structural information, and vice

versa, through two files storing Fok data (*.mem) and

FMk data (*.fba).

VENUS bears the bell in 3D visualization, ren-

dering, and manipulation of crystal structures and

electron/nuclear densities determined not only by X-

ray/neutron diffraction but by electronic-structure

calculations using Gaussian 98 [37], SCAT [38], and

WIEN2k [39]. VENUS fully utilizes the OpenGL

Application Programming Interface (API) with the

graphical user interface constructed with GLUT and

GLUI. Video cards equipped with GPU’s supporting

hardware acceleration for the OpenGL are desired to

1RIETAN-2000, PRIMA, and VENUS can be downloaded

from http://homepage.mac.com/fujioizumi/index.html.



rotate, expand, and translate objects fast in three di-

mensions.

The VENUS system consists of two inde-

pendent programs: VICS (VIsualization of

Crystal Structures) and VEND (Visualization

of Electron/Nuclear Densities). That is, VEND

and VICS deal with electron/nuclear densities and

crystal structures, respectively VEND also supports

the 3D visualization of electrostatic potentials

and wave functions that have both positive and

negative values, which allows us to obtain additional

information about electronic states.

7. DATA USED IN MPF AND ITS

KNOW-HOW

7.1 Three reflection types

The algorithm for the MEM analysis of Fok’s is,

per se, the same regardless of diffraction procedures.

Some special techniques are, however, required to an-

alyze Fok’s derived from powder data. The MEM

deals with |Fok|’s of reflections whose phases have

been estimated by some means. A reflection whose

|Fok| is computed from Eqs. (44)−(47) at the end of

Rietveld analysis is referred to as a type 1 reflection.

Fok’s of overlapped reflections evaluated according to

Rietveld’s procedure [5] are influenced by the refined

structure in a varying degree. The sum of |Fok|’s is

then assigned to a group of overlapped reflections be-

longing to type 2 to enhance the ability of estimation

by MEM. In the case of type 3 reflections, their peak

positions are so near to 2θmax that parts of their pro-

files extend beyond 2θmax. Nevertheless, we should

also calculate the FMk of a type 3 reflection because

excluding them necessarily brings about a bad profile

fit near 2θmax. FMk for the type 3 reflection is thus es-

timated from electron densities determined from only

Fok for reflections of types 1 and 2. Type 2 reflec-

tions are decomposed to afford their individual Fok’s.

Fok’s, sums of Fok’s, and only hkl indices are output

for reflections with types 1, 2, and 3, respectively.

7.2 Structural data input/output during MPF

Prior to MEM analysis, we need to estimate Fok’s and

the e.s.d.’s of |Fok|’s: σ(|Fok|) at any rate. It should be

emphasized that the Fok and σ(|Fok|) data of all the

low -Q (large-d) reflections are indispensable to MEM

analysis. The lack of these data is fatal, necessarily

leading to a failure in the MEM analysis.

Let σ(Iok) and σ(s) be the e.s.d.’s of Iok and s,

respectively, then the estimated standard deviation

(e.s.d.), σ(|Fok|), of |Fok| for a type 1 reflection is

estimated from

σ(|Fok|) =
|Fok|

2


[
σ(Iok)

Iok

]2
+

[
σ(s)

s

]2
1/2

. (49)

Note that σ(|Fok|) is not actually observed but calcu-

lated from |Fok| and Iok, suffering from errors due

to the bias toward a structural model in Rietveld

analysis in the same manner as with |Fok|. Further,

Eq. (49) is based on only counting statistics, neglect-

ing the overlap of reflections. We must, hence, keep

in mind that σ(|Fok|) values estimated from powder

diffraction data are not very accurate.

The sum of |Fok|’s, Go, for a group of type 2 reflec-

tions is given by

Go =

( ∑
k Iok

s
∑
kmkPkLk

)1/2

(50)

with the summation
∑
k carried out over all the over-

lapped reflections. The e.s.d. of G0 is estimated by

σ(Go) =
Go

2


[
σ(
∑
k Iok)∑
k Iok

]2
+

[
σ(s)

s

]2
1/2

(51)

analogous to Eq. (49).

At the end of the whole-pattern fitting, Iok is eval-

uated in a similar manner to Eq. (44):

Iok =
∑
i

[
yi − yb(2θi)

] Y ′ik∑
KY

′
iK
. (52)

Y ′ik is the contribution of reflection k to the net

diffraction intensity and given by

Y ′ik = smkPkLk|FMk|2f(2θi − 2θk). (53)

In this equation, Fck in Eq. (46) is replaced with FMk.

On substitution of K for k in this equation, we ob-

tain Y ′ik. |Fok| and σ(Iok) are respectively computed

with Eqs. (47) and (14) in the same manner as their

calculations after the Rietveld analysis [1]. Because



overlapped reflections are decomposed during the first

MEM analysis without any structural model, they are

regarded as type 1 reflections in subsequent processes.

When analyzing neutron diffraction data or X-ray

diffraction data for centrosymmetric structures, |Fok|
for a profile-relaxed reflection can directly be refined

in whole-pattern fitting with RIETAN-2000. This

unique feature is expected to accelerate the conver-

gence of structure refinement, provided that calcu-

lated profiles are in good agreement with observed

ones for the relaxed reflections.

7.3 Distribution of ε(Gauss)

The use of the χ2 statistics in the constraint function

(5) is based on the assumption that the experimental

errors, σ(|Fok|), are random with a Gaussian distri-

bution:

ε(Gauss) =
|FMk| − |Fok|
σ(|Fok|)

, (54)

where ε(Gauss) is a sample of the random variable

with normalized Gaussian distribution [40]. No satis-

factory result can be obtained when the distribution

of ε(Gauss)’s is far from Gaussian. PRIMA has a fea-

ture to output a text file storing ε(Gauss) values with

either of two formats: a raw data file, *.raw, and an

Igor text file, *.err. We can easily examine the distri-

bution of ε(Gauss) using this file.

7.4 Strategy for stable convergence

We should pay attention to electron-density maps

obtained from FMk data in addition to the conver-

gence test in each iteration. There is particularly

a fair chance for structural estimation to be misdi-

rected at the first iteration. Accordingly, we need to

repeat steps 2−8 while comparing density maps re-

sulting from MEM analysis with those obtained from

Fck’s. This comparison is needed to judge whether

the electron-density distribution is affected by the

structural model or estimated properly by MEM. For

reflections with unsatisfactory fits between observed

and calculated intensities, e.s.d.’s obtained with Eqs.

(49) and (51) should appropriately be increased to en-

hance the degree of freedom in estimation by MEM;

such large residuals usually arise from imperfect rep-

resentation of the real structure on condition that the

intensity data are collected appropriately. If this part

were partitioned among overlapped reflections in pro-

portion to their values of YiK , MEM would estimate

the structure in a way biased in favor of the structural

model.

The efficiency of REMEDY cycles depends on the

validity of the starting structural model. If the struc-

ture refined in step 1 differs considerably from the

real one, MEM analysis may fail in structure refine-

ment owing to the inaccurate partition of observed

Bragg intensities among overlapped reflections.

R factors in the whole-pattern fitting are used as

the measure of the convergence in REMEDY cycles.

R factors in model-free MEM analysis are compara-

ble regardless of the progress of the REMEDY cycles

because the convergence criterion is a constraint func-

tion being equal to unity. Accordingly, R factors for

MEM, Eqs. (36) and (37), should not be used to judge

the convergence of the iterations.

8. EXAMPLES OF APPLYING MPF

TO VARIOUS MATERIALS

8.1 Positional disorder of K+ ions interlayered

in KxTi2−x/3Lix/3O4

A layered compound, KxTi2−x/3Lix/3O4 (space group:

Cmcm) contains (a) lepidocrocite-like Ti2−x/3Lix/3O4

layers consisting of edge-sharing (Ti,Li)O6 octahedra

and (b) charge-balancing K+ ions in the interlayer do-

main [41]. Rietveld analysis from neutron diffraction

data showed K+ ions to be highly disordered between

two layers. With a split-atom model, the positional

disorder of K+ ions could not adequately be expressed

in view of an extraordinarily large isotropic atomic

displacement parameter, B, of ca. 10 Å2 for K.

We determined electron densities in KxTi2−x/3-

Lix/3O4 (x = 0.8) to visualize how K+ ions are dis-

tributed in between Ti2−x/3Lix/3O4 layers [42]. Its X-

ray powder diffraction data were measured at room

temperature with CuKα radiation on a MAC Science

MXP 3TZ diffractometer with a vertical θ:θ config-

uration and a pair of long Soller slits with an aper-

ture angle of 1◦. The same diffractometer was used

in X-ray powder diffraction experiments that will be

described in 8.1−8.3.

The diffraction data were analyzed by the Rietveld
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Fig. 2 Electron-density distribution determined

by MPF for KxTi2−x/3Lix/3O4 (x = 0.8).

Isosurfaces in three unit cells were drawn

for an equidensity level of 1.2/Å3.

method on the basis of space group Cmcm [41]. We

assumed the random occupation of the same octa-

hedral site (4c) by Ti4+ and Li+ ions. Final R fac-

tors [43] were Rwp = 11.51 % (S = Rwp/Re = 1.08)

and RB = 5.75 %. Subsequent three REMEDY cy-

cles lowered Rwp to 10.59 % (S = 1.00) and RB to

1.91 %. The dramatic decrease in RB is ascribable to

the better representation of the structural details by

calculating structure factors from electron densities

than from structure parameters in Rietveld analysis.

Figure 2 shows isosurfaces of electron densities

(number densities of electrons) in KxTi2−x/3Lix/3O4

(x = 0.8). Neither negative densities nor distinct

ripples appeared at all, which is a great advantage of

MEM over Fourier synthesis. A winding stream of K+

ions along the [001] direction and (Ti,Li)−O bonds

were clearly visualized by virtue of MPF. The posi-

tional disorder of K+ ions is partly ascribable to large

differences in the oxidation states and effective ionic

radii, r, between Ti4+ (r = 0.605 Å) and Li+ (r =

0.76 Å) ions sharing the same octahedral site. Thus,

our first challenge to the determination of spatial dis-

tribution for highly disordered species was quite suc-

cessful.

MPF is expected to be effective for intercalation

and clathrate compounds where guests have often

disordered configurations. In these compounds, split-

atom models may fail in providing reasonable atomic

displacement parameters or sufficiently low R factors.

We will further apply MPF to such systems exten-

sively.

8.2 Atomic arrangement of K clusters in a K-

doped zeolite K-LTA

The synthetic zeolite, Linde Type A (LTA), consists

of α- and β-cages arrayed alternately like atoms in

the CsCl-type compound with inner diameters of 11

Å and 7 Å, respectively. Alkali metal ions are usu-

ally incorporated into the cages to neutralize neg-

ative charges of the LTA framework. K-type LTA

(K-LTA) doped with excess K (Kx@K-LTA) is of in-

terest in connection with its ferromagnetism in the

absence of magnetic atoms below 7 K [44]. Because

the excess K atoms release 4s electrons to change

into K+ ions, Kx@K-LTA is regarded as a strongly-

correlated electron system. To understand the mech-

anism of the anomalous magnetic property, nuclear

and electron densities in Kx@K-LTA were determined

by MPF from neutron and X-ray diffraction data, re-

spectively [9, 45]. The neutron diffraction data of

K5.8@K-LTA were measured at 40 K on HRPD at

JRR-3M (JAERI) with λ = 1.824 Å, and the X-ray

diffraction data of K5.2@K-LTA at room temperature.

Rietveld refinements revealed that space group

Fm 3̄c in K-LTA changes to F 23 with lower symmetry

in Kx@K-LTA [46]. However, the disorder of K atoms

cannot sufficiently be represented in these structure

refinements. After one cycle of MEM-based whole-

pattern fitting with the neutron diffraction data, Rwp

slightly decreased from 5.03 % (S = 1.48) to 4.92

% (S = 1.45), and RB from 2.05 % to 1.91 %, re-

spectively. i.e., from 8.25 % (S = 1.08) to 7.30 %

(S = 0.96) for Rwp On the other hand, the goodness-
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Fig. 3 (a) Nuclear- and (b) electron-density distri-

bution on the (110) plane in K5.8@K-LTA

and K5.2@K-LTA, respectively. Contours

were plotted for (a) 0.3 × 2.1n fm/Å3 (n

= 1−9) and (b) 0.3−10/Å3 with a step of

0.4/Å3.

of-fit was improved more significantly with X-ray

diffraction data, and from 2.70 % to 1.30 % for RB

after two REMEDY cycles. Such differences are be-

lieved to reflect (a) much wider spatial distribution

of electrons in comparison with atomic nuclei and (b)

the highly covalent nature of Si−O and Al−O bonds

in the framework.

Nuclear and electron densities on the (110) plane

are plotted in Fig. 3, where each quarter corresponds

to an α-cage. K+ ions are situated in the neigh-

borhood of 4, 6, and 8-membered rings. Additional

K+ ions are mainly included in the four- and eight-

membered rings of the framework and partially oc-

cupy the center of an α cage. K+ ions near the center

of the six-membered ring form two kinds of tetra-

hedral assemblies occupied statistically. Adjacent α-

cages contain nonequivalent K clusters with different

magnetic moments. The difference in the number of

K atoms between the two types of the α-cages was ca.

2 in a sample with the highest degree of spontaneous

magnetization, which will give rise to the ferromag-

netism with antiferromagnetic components. Adjacent

α-cages contain nonequivalent K clusters with differ-

ent magnetic moments. The difference in the number

of K atoms between the two types of the α-cages was

ca. 2 in a sample with the highest degree of sponta-

neous magnetization, which will give rise to the fer-

romagnetism with antiferromagnetic components.

8.3 Nuclear/electron-density distribution in

the superconductor HgBa2CuO4+δ

We prepared a high-Tc superconductor HgBa2CuO4+δ

(Tc = 97 K; space group P4/mmm) where the content

of CO3
2− ions substituting for [O2−Hg−O2]2− ions

was minimized to distribute excess oxygen atoms very

uniformly by O2 annealing for a long time [47]. Its

neutron and X-ray diffraction data were collected at

room temperature on HRPD (λ = 1.823 Å) and the

MXP 3TZ diffractometer, respectively.

In structure refinements from both the neutron and

X-ray powder diffraction data, MPF afforded lower

R factors than conventional Rietveld analysis [9, 48].

The decrease in RB achieved in the MPF analysis

of the X-ray diffraction data was particularly pro-

nounced, i.e., from 1.66 % in the final Rietveld anal-

ysis to 0.89 % after two REMEDY cycles. No bonding

electrons are explicitly taken into account in the Ri-

etveld method whereby structure parameters are re-

fined. On the other hand, MEM analysis enables us

to express chemical bonds with electron densities in a

higher degree of freedom, which is responsible for the

close approach of Fc(MEM) towards Fo(w.p.f.). In

fact, densities of bonding electrons between metal and

oxygen atoms varied appreciably during the REM-

EDY cycles. Figure 4 shows substantial changes in

electron densities corresponding to Cu−O1 bonds on

the CuO2 conduction sheet in three refinement stages.

This fact offers unambiguous evidence for introduc-

tion of additional structural information extracted by
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Fig. 4 Electron-density distribution on the CuO2 sheet (z = 1/2 plane) in HgBa2CuO4+δ after (a) Rietveld

analysis, (b) first REMEDY cycle, and (c) second REMEDY cycle. Contours were plotted for 0−3/Å3

with a step of 0.3/Å3.

MEM into intensity partitioning for overlapping re-

flections.

Figure 5 gives (a) nuclear and (b) electron den-

sities on the (100) plane of HgBa2CuO4+δ. Interpo-

sition of bonding electrons between Hg and O2 and

between Cu and O1 is clearly recognized in Fig. 5b.

The presence of a region where electron densities are

negligibly low between the Cu and O2 atoms indicates

nearly electrostatic interaction between them. Com-

parison of Fig. 5a with Fig. 5b reveals that thermal

vibrations of Cu and Hg predominate along the [001]

direction perpendicular to the CuO2 sheet and on the

z = 0 plane perpendicular to a linear [O2−Hg−O2]2−

ion, respectively. These findings are reasonable con-

sidering the highly covalent character of the Cu−O1

and Hg−O2 bonds.

Though harmonic thermal motion was assumed in

the Rietveld analysis prior to the REMEDY cycles,

the isosurface of nuclear densities for O2 considerably

deviated from an ellipsoid, as can be appreciated from

Fig. 5a. In fact, the analysis of anharmonic thermal

vibration [36] for O2 afforded significant cubic and

quartic anharmonic terms.

Interstitial oxygen defects, O3, at (1/2, 1/2, 0) are

responsible for hole doping in HgBa2CuO4+δ. In con-

ventional Rietveld analysis, B for a slightly occupied

site like O3 is often fixed arbitrarily at a typical value,

e.g., 1 Å2, to refine only its occupancy, g, on account

of very strong correlation between B and g. We took

more sophisticated approaches to obtain more reli-

able values of g(O3) and B(O3). That is, g(O3) was

estimated at 0.14 by integrating nuclear densities of

O3, and B(O3) at 1.5 Å2 by evaluating mean square

displacements. The g(O3) value of 0.14 corresponds

to δ = 0.14. This technique is useful for determin-

ing B and g for partially occupied sites from nuclear

densities derived by MEM.

8.4 Statistic distribution of H atoms in the

high-temperature phase of KH2PO4

The order−disorder-type phase transition in KH2PO4

was studied by MPF from its neutron powder diffrac-

tion data measured at room temperature and 10 K

on HRPD (λ = 1.16 Å) at JRR-3M [49]. The proce-

dure described in 3.4 was used to deal with H atoms

with a negative bc of −3.7390 fm [2]. The ferroelec-

tric (space group Fdd2) and paraelectric (space group

I 4̄2d) phases of KH2PO4 are stable below and above

its Curie temperature, TC, of 123 K, respectively.
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Fig. 5 (a) Nuclear- and (b) electron-density maps for the (100) plane in HgBa2CuO4+δ. Contours were

plotted for (a) 0.1×3n fm/Å3 (n = 1−10) and (b) 0−3/Å3 with a step of 0.3/Å3.

In Fig. 6, nuclear densities resulting from MPF

of the paraelectric phase are projected onto the (001)

plane. This projection makes it possible to see the nu-

clear densities of all the atoms included in KH2PO4.

H atoms are statistically situated at a pair of posi-

tions with a distance between the twin peaks of ca.

0.36 Å, which is in good agreement with H−H dis-

tances reported in the literature. On the other hands,

H atoms in the ferroelectric phase at 10 K tend to oc-

cupy a single position near to an oxygen atom. Figure

6 illustrates that the thermal vibrations of P and O

atoms in the PO4
3− ion are of the comparable degree

but of different directional character. This finding

supports the idea that the thermal vibration of the

PO4
3− ion is dominated by rigid-body motion, still

exhibiting significant internal motion.

The MEM/Rietveld method failed in visualizing

the symmetric potential valleys in the paraelectric

phase, which provides evidence for the predominance

of MPF over the MEM/Rietveld method.

8.5 Orientational disorder of CO3
2− ions in

Ba4CaCu2O6CO3

The tetragonal structure of Ba4CaCu2O6CO3 (space

group P4/mmm) can be related to the perovskite-

type compound ABO3 by locating larger Ba atoms

at an A site and smaller Ca, Cu, and C atoms at B

sites. Ca atoms and Cu1O4 squares lie on the z = 0

plane, Ba and O2 atoms on the z = 1/4 plane, and

Cu2 (1b; 0, 0, 1/2) and C (1d; 1/2, 1/2, 1/2) atoms

on the z = 1/2 plane. Of course, three O atoms form

a triangular CO3
2− ion with the C atom at its center.

Rietveld analysis from neutron powder diffraction

data measured at room temperature [50] showed that

one O3 atom is split into four pieces to occupy a 4k

site on a line connecting C and Cu2 atoms. However,

the static orientational disorder of CO3
2− ions is so
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Fig. 6 Nuclear-density distribution projected

on the (001) plane in the paraelectric

phase of KH2PO4 at room temperature.

Contours were plotted for 2.5 × 1.5n

fm/Å3 (n = 0− 20).

pronounced that positions of remaining two O4 atoms

could not be determined unambiguously.

We have recently reanalyzed neutron powder

diffraction data measured on the BT-1 diffractome-

ter at NIST by MPF and successfully visualized what

was overlooked in the previous Rietveld analysis (Fig.

7) [51]. MPF decreased Rwp (S), Rp, RB, and RF

from 5.17 % (1.32), 4.14 %, 5.59 %, and 3.05 % in

the final Rietveld analysis to 4.26 % (1.08), 3.46 %,

2.35 %, and 1.78 %, respectively.

In addition to O3 and O4 (2h; 1/2, 1/2, z; z ≈
0.43) atoms distant from the 1d site by ca. 1.29 Å,

we found four positions apart from the 1d site by

ca. 1.85 Å along the [110] direction (Fig. 7a). Be-

cause 1.85 Å corresponds to a Cu−O bond length,

Cu3 atoms are believed to substitute for part of C

atoms at 1d. Four O5 atoms to which each Cu3 atom

at 1d is coordinated are clearly visualized by MEM.

In Fig. 7b, peaks for O5 are much higher than those

for O3, which is explained in terms of high densities

of O3 nuclei in the space excluding the z = 1/2 plane.

The content of O3 is much higher than that of O5 as

a whole. Thus, MPF released us from the preconcep-

tion that C fully occupies the 1d site.

8.6 Dynamic disorder of Cu+ ions in a superi-

onic conductor Rb4Cu16I7.2Cl12.8

The conductivity of Rb4Cu16I7Cl13 (space group

P4132) at room temperature is 0.34 S cm−1, which

is the highest of all the superionic conductors. Its

structure changes without any phase transitions from

a low-temperature phase where Cu+ ions hardly mi-

grate to the high ionic conductor because lattice de-

fects are generated by thermal excitation. Figure

8 illustrates results of MPF structure refinements

for Rb4Cu16I7.2Cl12.8 at 11 K and 280 K from neu-

tron powder diffraction data measured on the HB-4

diffractometer at HFIR [34]. In the case of the data

taken at 280 K, two REMEDY cycles lowered Rwp

(S) from 6.06 % (1.05) to 5.98 % (1.03) and RB from

6.25 % to 5.18 %.

The most significant difference between Figs. 8a

and 8b is that Cu+ ions are localized at definite po-

sitions at 11 K but delocalized spirally at room tem-

perature. Rb4Cu16I7Cl13 has three Cu sites in the

asymmetric unit: Cu1 and Cu2 at 24e and Cu3 at

8c. From Fig. 8b, we confirmed that [Cu1−Cu2−]∞
chains are main conduction pathways in this mate-

rial, as previously suggested from Rietveld analysis

of time-of-flight neutron powder diffraction data [35].

Visualization of distribution of Cu+ ions in the unit

cell with VEND is very useful to understand the po-

sitional disorder in this system three-dimensionally,

as can be appreciated from Fig. 8.

8.7 Positional and orientational disorder in a

solid solution of Sr9.3Ni1.2(PO4)7

To apply MPF to high-resolution powder diffrac-

tion data, we measured synchrotron X-ray powder

diffraction data on a powder diffractometer (beam

line BL15XU at SPring-8) with the Debye−Scherrer

geometry using capillary tubes rotated at a speed

of 6.3 rad/s. Incident beams from an undulator

were monochromatized with inclined double-crystal

monochromators of Si(111). An instrumental resolu-

tion at the top international level is attained in this

diffractometer.
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Fig. 7 (a) Isosurfaces of nuclear densities at a 0.6 fm/Å3 level and (b) a bird’s eye view of nuclear

densities up to 8 % of the maximum (663.9 fm/Å3) on the z = 1/2 plane in Ba4CaCu2O6CO3.
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Fig. 8 Isosurfaces of nuclear densities in Rb4Cu16I7.2Cl12.8 at (a) 11 K and (b) 280 K. Equidensity

level: 0.2 fm/Å3. In (b), sections at unit-cell edges clearly display [Cu1−Cu2−]∞ pathways.



P1

Fig. 9 Three-dimensional electron-density

image of a P1O4
3− ion in Sr9.3Ni1.2-

(PO4)7 with an equidensity level of

1.6/Å3.

X-Ray powder diffraction data of a whitlockite-like

phosphate, Sr9.3Ni1.2(PO4)7 (space group R3̄m) [32],

were taken at 100 K with a wavelength of 0.8000 Å

and a Ge(111) analyzer. Very sharp profiles were ob-

served with FWHM’s ranging from 0.008◦ to 0.019◦.

In Sr9.3Ni1.2(PO4)7, part of Sr2+ and PO4
3− ions

exhibit highly disordered arrangements. Then, we

found positions of these atoms by the MEM/Rietveld

method, building a split-atoms model. Subsequent

two REMEDY cycles decreased Rwp (S), Rp, RB, and

RF a great deal from 5.39 % (2.30), 3.93 %, 2.80 %,

and 1.88 %, in the final Rietveld refinement adopt-

ing the split-atom model to 5.18 % (2.20), 3.71 %,

1.03 %, and 0.82 %, respectively. As usual, RB and

RF dropped dramatically in the first cycle. Figure

9 illustrates isosurfaces of electron densities deter-

mined by MPF for P1O4 tetrahedron. This figure

revealed that such pronounced orientational disorder

can hardly be represented with the split-atom model,

which is the main reason why MPF lowered the R

factors surprisingly. MPF afforded an excellent fit

between observed and calculated patterns (Fig. 10).

These results proved that the MPF method is ef-

fective even in the structure refinement from the

ultrahigh-resolution X-ray diffraction data.

8.8 Structure refinement of LTL by MPF

A dehydrated zeolite, Linde Type L (LTL,

K9Al9Si27O72, space group P6/mmm) [52], is a micro-

porous material with a disordered structure including

large one-dimensional channels parallel to the c axis.

Its synchrotron X-ray powder diffraction data (λ =

1.2000 Å) were collected at room temperature with

the Ge(111) analyzer. Rwp (S), Rp, RB, and RF were

respectively 4.90 % (2.47), 3.19 %, 1.60 %, and 1.59

% in the final Rietveld refinement and 4.46 % (2.24),

2.93 %, 0.69 %, and 0.84 % after two REMEDY cy-

cles. Figure 11 shows the final profile fit to be very

excellent. Electron-density images clearly showed a

framework consisting of highly covalent (Si,Al)−O

bonds. We also found that electron-density distribu-

tion around K+ ions incorporated in the framework

is not spherical but anisotropic.

9. CLOSING REMARKS

The revolutionary MPF technology was devised to

overcome limitations of Rietveld analysis. RIETAN-

2000 is distinguished from other programs for classi-

cal Rietveld analysis by this elegant methodology. In

MPF, electron/nuclear-density distribution changes

noticeably with accompanying decreases in RB and

RF during REMEDY cycles, which is a strong piece of

evidence for the reduction in the bias of the structural

model and the serious flaw of the MEM/Rietveld

method on its use to determine electron/nuclear den-

sities [3, 4].

MEM is, per se, model-free whereas the MEM/

Rietveld method is more or less model-dependent.

The MEM/Rietveld method should never be con-

founded with MEM. This expedient method is, there-

fore, unsound on its application to determination of

electron/nuclear-density distribution though it is cer-

tainly effective for the rough visualization of elec-

tron/nuclear densities just after Rietveld analysis.

We agree that the MEM/Rietveld method is more

effective in modifying imperfect structural models

than Fourier/D synthesis thanks to higher S/N ra-

tios due to estimation of structure factors for un-

observed reflections and non-negative densities ob-

tained by MEM. However, it cannot give accurate 3D

densities particularly when reflections heavily overlap
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Fig. 11 Observed, calculated, and difference patterns resulting from the final MPF struc-

ture refinement from the synchrotron X-ray powder diffraction data for LTL. The

patterns between 10◦ and 60◦ are magnified in the inset.



with each other because of low symmetry and insuffi-

cient instrumental resolution. Frankly speaking, the

MEM/Rietveld method is nothing but iterative con-

ventional Rietveld refinements where structural mod-

els are modified, if necessary, after visualizing elec-

tron/nuclear densities by MEM.

The number of REMEDY cycles required for con-

vergence generally increases with lowering resolution

in a diffraction pattern because observed intensities

of Bragg reflections are repartitioned with Fc(MEM)

calculated from Fo(Rietveld) or Fo(w.p.f.). Even with

high-resolution synchrotron X-ray powder diffraction

data, at least one cycle of MPF proved to be indis-

pensable for the determination of more accurate elec-

tron densities. In MPF, parameters other than struc-

ture parameters are refined, and partition of observed

intensities is rapidly improved because of the use of

Fc(MEM). The MPF method is, hence, so much supe-

rior to the MEM/Rietveld method, where the analyt-

ical method in the Fourier synthesis of Fo(Rietveld)

data is merely replaced with MEM. From the amaz-

ing results presented above for the several materials,

we conclude MPF to be a powerful method of struc-

ture refinement where imperfect structural represen-

tations in conventional Rietveld analysis are supple-

mented with model-free MEM.
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